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                        Use of Invariants to solve Puzzles 
                                                                 Dr. Mangala R. Gurjar  

 

Abstract Mathematical discoveries, though not intended to solve puzzles or day to day 

problems around us have some unexpected applications to solving puzzles or determining 

that they are not solvable. In this article I will give such examples which are interesting. 

These are based on the idea of invariants which simplify the problems dramatically.  

 

Introduction The well known15-puzzle appeared in the United States of America in 

1870. It soon became extremely popular. The craze hit Europe too. But the inventor Sam 

Loyd who invented the puzzle failed to get the patent. The puzzle is insolvable and at the 

patent office the inventor was expected to present a working model of his invention. But 

even though Loyd was denied the patent he “caused the world to rack its brain over a box 

with moving blocks” in his own words. 
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 The 15-puzzle The puzzle consists of a shallow box consisting of 15 blocks numbered 

from 1 to 15 and an empty space to slide the blocks. The blocks are initially arranged in 

order as shown in Fig 1 except for the positions of 14 and 15 which are interchanged. 

You can not lift the blocks. You can only slide them to the empty place, thus creating a 

new empty place. This actually means that if you consider the empty place as a block 

with number zero then the only movement that is allowed is exchange of positions of 

block zero and any adjacent block. The aim is to change the arrangement to the natural 

one as shown in the next table.        

 

1 2 3 4 

5 6 7 8 

9 10 11 12 

13 15 14  

                            Fig 1                                                    Fig 2 

In order to prove it is impossible to change the arrangement from Fig 1 to Fig 2  by 

sliding an adjacent block to the empty block  we use Algebra.  

                   Any arrangement of 16 numbers {0, 1, 2, …,15} is called a permutation of 16 

numbers. It can also be considered as a bijection from the set {0, 1, 2, …. 15} to itself. 

Interchange of any two objects among them is called a transposition. We know that every 

permutation is a product of transpositions. This means any rearrangement of n symbols 

can be effected through a series of interchanges of two symbols at a time.  For example, 

changing from { 1, 2, …. 15, 0} to {0, 1, 2, …. 15}is possible through the sequence of 

transpositions, 

(0, 15),  (0, 14), (0, 13), ….     etc. up to (0, 3), (0, 2), (0, 1).  

                A permutation is called even if it is a product of even number of transpositions 

and odd otherwise. Also every transposition or interchange of two symbols can be 

achieved through successive transpositions that involve 0 in it. For example, 

interchanging 10 and 11 is the result of the three way interchange (0, 10), (0,11), (0, 10) 

other elements remaining the same. 

1 2 3 4 

5 6 7 8 

9 10 11 12 

13 14 15  
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                 Now when the empty space or block zero interchanges with several blocks and 

comes back to its original position it goes through even number of interchanges. (Note that 

interchange of zero is allowed only with the adjacent places). Thus any two positions which 

differ from each other only by interchange of two numbers can not be obtained from one 

another by sliding the blocks. The two positions in Fig 1 and Fig 2 differ from each other 

by a single transposition. Hence we can not get one from the other by sliding the blocks. 

                   But if we want to change any of the arrangements shown below  into Fig 2 then 

it is possible to do it by sliding of the blocks as each of them differ from Fig 2 by an even 

number of  transpositions. Also it is possible to start with any arrangement of 15 numbers 

in the 16 places and slide them into either Fig 1 or Fig 2 position. More precisely the even  

arrangements can be changed into Fig 2 and the odd ones can be changed into Fig 1.  

 

 1 2 3 

4 5 6 7 

8 9 10 11 

12 13 14 15 

                         Fig 3                                                         Fig 4 

 

             Thus a Mathematical theory can predict the possibility or impossibility of solving 

a puzzle with absolute certainty; where as if we try all the possible moves and check 

whether the puzzle is solvable then it is impossible. There are millions of possible moves. 

The simplicity of the puzzle is illusive and that explains the craze in the 19
th

 century. 

                   The important idea involved in the above argument is the invariance of parity.   

The arrangements shown in Fig 2, 3, and 4 have the same parity but Fig 1 has different 

parity. Invariance is the property that is preserved by an algorithm which solves the 

problem. A puzzle is not solvable if the invariance property holds at the initial stage but 

fails to hold in the required final stage. Following are few more examples. 

 

Chess board virus A virus spreads through squares of an 8 x 8 chess board by infecting 

any square that has two infected neighbors horizontally or vertically (but not diagonally). 

Can the virus spread on the entire chess board if 5 of its squares are infected? What is the 

minimum number of infected squares needed to infect the entire chess board? 

Answer With 5 infected squares the perimeter of the infected region is at the most 20. 

When a new square gets infected at least two of its boundary edges are absorbed into the 

infected region and at most two new edges are added to it. Thus the perimeter of the 

infected region will not increase. But the total perimeter of the chess board is 32. Hence 

to infect the whole chess board we need at least n infected squares. The invariant in this 

case was the perimeter. 

 

Knight tour There are four knights on a 3 x 3 chess board, two black at the positions 1 

and 3 and two white at the positions 7 and 9. Through a sequence of legitimate moves of 

the knights is it possible that the black horses occupy the positions 3 and 7 and the white 

ones occupy the positions 1 and 9? 

                                                

 

 

1 5 9 13 

2 6 10 14 

3 7 11 15 

4 8 12  
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   Answer No. It is not possible. There is a beautiful graph theory argument to disprove it. 

Name the vertices of an octagon as 1, 8, 3, 4, 9, 2, 7, 6 serially. The black knights at 

position 1 can move only to the adjacent vertices 8, 6 and the black night at 3 can move 

to the adjacent position 8 and 4. At any stage of the game the knights can move only to 

adjacent positions. Similarly the two white knights at positions 7 and 9 can move to the 

adjacent positions along the octagon. This shows that after any move the clockwise or 

anti clockwise relative position of the black and white knights remains the same. Hence it 

is not possible to get them in alternating positions as required. 

 

Chameleons on an island In an island there are 10 yellow, 20 brown and 30 green 

chameleons. When any two of them with different colour meet they both change their 

colour to the third colour. Is it possible that at some stage all of them change into the 

same colour? 

 Answer No, it is not possible. Let Y, B, and G be the numbers of Yellow, Brown and 

green chameleons. When yellow and brown chameleons meet, number Y and B decrease 

by 1 and B increase by 2. When brown and green meet B and G decrease by 1 and Y 

increases by 2. Thus the difference between any two of Y, B, and G either remains the 

same or changes by a multiple of 3. In other words the differences B- Y, Y- G and G –B 

remain same modulo 3. But initially B –Y ≡ 1 modulo (3), G – B ≡ 1 modulo (3) and  

Y – G  ≡ 2 modulo (3). Hence they continue to maintain the same relations. If they 

change to same colour, one of the numbers becomes 60 and the other two become zero. 

This is impossible by the above equations. The invariant in this case was division by 3  

remainders of the differences. 

 

Conclusion Proving that a puzzle has no solution is typically done by using an invariant. 

But finding a specific invariant suitable for a given problem is difficult. With a lot of 

practice one can develop intuition about when a particular tool can be applied. That is 

why puzzles are a major attraction as intellectual entertainment. 
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